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A regression is a tool to find the best fitting linear, or straight-line, rela-
tionship between a dependent variable and one or more independent vari-
ables.

The dependent variable is the outcome we are trying to explain.
Let’s say we have 10 observations of two variables. y is the depen-

dent variable - the one we are trying to explain. x is the independent
variable – the one that we think might explain it.1 1 These numbers don’t represent any-

thing in particular, they were just
generated to use as an example.

Observation y x
1 14 8

2 5 -2
3 12 14

4 11 9

5 23 12

6 6 3

7 15 13

8 8 11

9 7 0

10 19 15

Looking at the numbers, it seems like there might be a relationship
between the variables - the high values of x mostly go with the high
values of y, and the low values of x mostly go with the low values
of y. To get a better sense of the relationship between the two vari-
ables, we can plot them in a graph. (This kind of graph is called a
scatterplot.)

Figure 1: Scatterplot of x and y.

Visually we now have a strong impression of a relationship, the
points seem to fall roughly along an upward-sloping straight line,
though some are closer to it than others.Any statistical software or
spreadsheet program will let you calculate a regression line, or trend
line for the points. This is the straight line that gives the best fit to the
points in the scatterplot. We can add that next.

Figure 2: Scatterplot of x and y with
regression line.

Regressions are nothing more than a set of techniques for picking
the right line to draw here, and evaluating how well it fits.

The idea of a regression is to come up with our best guess for the
parameters β0 and β in the equation

y = β0 + βx + e

When we calculate the best β to fit our data, we call this doing a
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regression of y on x. Here e is a random error or disturbance term. If
this equation were the true process generating y, then e would liter-
ally be a random variable. In practice, it represents all the influences
on y other than x – all the things affecting x that our regression does
not capture.

If we have more than one independent variable, we are looking for
our best choice for β1, β2 and so on in the equation

y = β0 + β1x1 + β2x2 + ... + βnxn + e

Again y is the dependent variable and the xs are the independent
variables. We also often call y the left-hand side variable and the xs
the right-hand side variables.

The “best” values here simply means the ones that fit the the ob-
served values of the independent variable most closely. With more
than one independent variable, we can’t directly visualize the re-
lationship in a graph. But we can still think of it as fitting a line
through a scatterplot – now the horizontal axis is just a weighted
average of the various independent variables.

To decide how good a fit our line gives to the data, we divide the devia-
tion or difference form the mean of each observation into the part explained
by the line and the part that is left unexplained.

The variation in the dependent variable that we are hoping to ex-
plain is the deviation, or difference, of the observed values from the
average value. If all the values were the same, there would be no
variation, and nothing for a regression to explain.

While we could simply add up the differences of the values from
the average, it’s more common to use the squares of the differences.
The average squared difference between the value and the mean is
the variance; the square root of this number is the standard deviation.

In the case of our data above, the average value is 12 If you look at
the differences between the observed values and 12 and square them,
we get the following values:

(14 − 12)2 = 4
(5 − 12)2 = 49
(12 − 12)2 = 0
(11 − 12)2 = 1
(23 − 12)2 = 121
(6 − 12)2 = 36
(15 − 12)2 = 9
(8 − 12)2 = 16
(7 − 12)2 = 25
(19 − 12)2 = 49
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These ten numbers add up to 310. Take the average and you get
31. So the variance of y is 31.2 The square root of this is the standard 2 In many statistical calculations, we

instead use the sum of the squared
deviations divided by the number of
observations minus 1. In this case, that
would be 310/9 = 34.4. With 10 obser-
vations, the difference is noticeable.
With larger samples, as is usual, this
value will be essentially the variance.

deviation – in this case, 5.6. We think of this as the “typical” difference
between an observed value and the mean.

Notice that the variance and standard deviation are most strongly
affected by values that are far from the mean. In this case, the fifth
observation, which is 11 away from the mean, accounts for nearly
half the variance. The variance of x is given by

var(x) =
Σ(x − x̄)

n

where x̄ is the average value of x and
n is the number of observations. The
standard deviation of x is just the
square root of the variance:

st. dev.(x) =
√

var(x)

.

You might think that it would be simpler to call the typical devi-
ation the average difference between an observation and the mean,
without bothering with the squares and square roots. This value is
called the mean absolute deviation, and it is occasionally reported.
But in the vast majority of cases, people describe the variation, or
spread, of the observed values in terms of the variance or standard
deviation. Why we use this measure is used is a complex question -
to some extent it’s historical accident, to some extent it’s for mathe-
matical convenience, and to some extent it is a genuinely more mean-
ingful value. For our purposes, it’s enough to know that variance and
standard deviation – the square root of the average squared deviation
– is the usual measures of how much different observations of some
value vary from each other.

The question then becomes, how much of this variation is ex-
plained by our regression. To answer this, we can divide the devia-
tion of each observed value from the mean into two parts. There is
the part that is explained by the regression – the deviation we would
predict on the basis of the independent variable(s). And then there
is the unexplained, or residual variation that is not accounted for by
our regression.

This is shown in the next figure. One of our observations has
an x value of 12 and a y value of 23. Our regression, reflected in
the trend line, implies that when the independent variable is 12 the
dependent variable should be around 15. So of the 11 deviation from
the mean (11 = 23 -12) in the y value for this observation, 3 (15 - 12)
is explained by the regression and the remaining 8 is the residual or
unexplained part. (Note that the explained part can be negative if the
regression predicts that the value should be less than the mean but it
is actually greater, or vice versa.) The regression line is precisely the
line that minimizes the squares of the residuals.

Figure 3: Predicted and residual varia-
tion.

Picking the straight line that minimizes the sum of squared residu-
als is an ordinary least squares (OLS) regression. There are many other
ways to estimate the relationship between variables, but OLS is the
simplest and most widely used, and the starting point for most other
approaches, so we will focus on that here.
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There are three questions we ask about a regression line: What is the line
itself, how much of the variation in the dependent variable does it explain,
and how much better is it than other possible lines?

Once we have drawn our regression line, we can ask three questions
about it. First, what is the line itself – where is it, and how steep
is it? Second, how good a job does it do describing the dependent
variable? How much of the variation in that variable is explained by
the regression, and how much is left unexplained? Third, how much
better is this line than other possible lines? Are we confident that
this line is better than one that is steeper or flatter and, in particular,
that it is better than simply drawing a horizontal line at the average
value? The statistics reported in a regression table are answers to
these questions.

All these questions have answers based on the sample data we
have. We often want to interpret them in terms of the underlying
population from which the sample is supposed to be drawn. The
numbers reported in our regression just describe the data we actu-
ally see. But we usually think of them as an estimate, or guess, about
a relationship existing out in the world. We imagine that we could
draw another sample, or set of observations from the same popula-
tion or economic process that the first one came from, and see more
or less similar results.

The answer to the first question is the line we drew. We can also
think of it as an equation. In our example here, the line is approxi-
mately:

y = 6 + 0.7x

You can easily see that by looking at the line – where x is 0, the
regression line is around 6; where x is 5, the line is around 10, and so
on. The equation and the line are two equivalent ways of describing
the same relationship. If we have more than one right-hand variable,
we can’t represent as a line on a flat paper. But we could imagine an
equation with two right-hand variables as a plane through a three-
dimensional space, and so on. Or we could draw a line with the
horizontal axis as a weighted average of all the right-hand side vari-
ables.

In terms of the second question, we want to know how much
variation is left after we account for the variation described by the
line. In other words, if we took the sum of squares of the deviations
from the regression line (the red arrows in the figure), how much
smaller would that be than the sum of squares of the deviations from
the average value (the black arrows in the figure)? Another way of
thinking of this is, If we were to guess the values of the dependent



notes on regressions 5

variable based on the regression, how much more accurate would our
guess be than if we just guessed the average.

For example, if you had to guess the height of a child picked at
random from a room full of children, the best guess you could make
would be the average height of all the children. But if you also knew
the ages of the children, you could make a more accurate guess, since
children consistently get taller as they get older. On the other hand,
if it was a roomful of adults, knowing their ages would not help you
guess their heights. So a regression of height on age will explain a lot
of the variation in heigh for a room full of children, but very little of
it for a room full of adults. In this case, your best guess for the height
of any individual would simply be the average height of the people
in the room.

(Remember, we are judging best fit by the sum of squared resid-
uals. If we just wanted to minimize our average error, any guess
between the largest and smallest heights in the room would work just
as well. But if we want to minimize the average squared error we will
do better with a guess in the middle, since that reduces the chance of
a really big miss on either side.)

Figure 4: Regression line (A) versus
other possible relationships between x
and y.

For the third question, we want to know how precise our estimate
of the best line is. Would a line that was steeper or flatter, or higher
or lower, fit the data just about as well? Or will any good-fitting line
have to be very close to the one we drew? Lines B or C in Figure
4 also seem to give a reasonably close fit for our ten observations.
But are they really almost as good as line A? In other words, are the
squared residuals much higher than for the regression line, or are
they about the same? How much would we have to change our line
before we could confidently say that it did not describe the relation-
ship between the variables?

All three of these questions – the shape of the line, how much of
the variation it describes, and our confidence in it – are important
for deciding whether the regression is telling us something useful.
If we are not at all confident about the results – if we think there’s
a good chance the true relationship is very different from our esti-
mates – then we probably don’t want to rely on them. But even if
we are confident in the line, it may still not be useful if the effect is
very small, or if it explains only a small part of the variation in the
dependent variable. To take a familiar example, if you hear about
some new health research showing that eating less of some food is
good for your health, you will want to know how confident scientists
are in the result – how much data is based on, how consistent are the
results across different studies, and so on. But you will also want to
know how big the effect is, how much of a change it will produce
compared with other things that affect health. It’s quite possible for
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an effect to be very precisely estimated, but also too small to worry
about.

A typical regression table shows the parameter estimates (including in-
tercept), the standard errors and/or t-values for the the parameters, some
indication of whether the estimate is “significant”, and an r-squared and/or
adjusted r-squared. These numbers are used to answer the three questions
above.

If you run a regression using some kind of statistical software, the
numbers you get are the answers to the three questions above. You
may get other information as well, but the most prominent (and
familiar) regression outputs are intended to answer those questions.

Let’s try this with our example values. If we run a regression of
y on x in R, we will get the following output. (R also gives us a few
other values, which we can ignore for now.) Other software will give
the same values, in a similar table.
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The coefficients or parameter estimates tell us what the best-fitting
line is. Our confidence in this line is shown by the standard errors,
t-values and probabilities. The r-squared describes how much of the
variation in the dependent variable is explained by the line.

The coefficients or parameter estimates, plus the intercept or constant term,
describe the line itself.

The coefficients or parameter estimates tell us what the line itself is.
The intercept or constant tells us where the line crosses the y axis –
what the expected value of the dependent variable would be if all
the independent variables were zero. This is usually not interesting,
although sometimes it is. The parameter estimate tells us the slope of
the line – how much we expect the dependent variable to increase if
the independent variable increases by one unit.

In this case, the coefficient estimates are 5.98 for the intercept and
0.725 for x. In other words, this is telling us that the best line to draw
through the points – in terms of minimizing the squared errors – is

y = 5.98 + 0.725x

So for example if x is 10, we would expect y to be around 13.25.
The intercept is the expected value of y when x = 0. In terms of the
line, it’s the height of the line at the point where it crosses the vertical
axis. The coefficient is the slope of the line – the expected increase in
y when x increases by 1.

To interpret the coefficients, think of them as describing the relationship
between the variables. To do this, we need to pay attention to the units
of the variables.

The interpretation of this coefficient is, if x is one higher in our sec-
ond observation than in our first, we would expect y to be 0.7 higher.
But: 1 what? 0.7 what? In this case, we are simply working with an
abstract example, so the numbers aren’t one or 0.7 anything. But in
any real world regression, the variables will have units, and those
units will determine what the results actually mean. The coefficient
is always in units of the dependent variable per unit of the inde-
pendent variable. Imagine you see a regression of annual earnings
on years of education, and the estimated coefficient is 5. The units
of the right hand side variable are obviously years, but what about
the left-hand side? It makes a big difference if income is five dollars
higher per year of schooling, or five thousand dollars higher per year
of schooling, or five percent higher per year of schooling. Sometimes
a coefficient will seem to have a very high or very low value simply
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because of the units being used. The regression of income on years of
schooling would have a much higher coefficient (1,000 times higher,
to be exact) if the left-hand side variable were in dollars rather than
thousands of dollars. But the substantive relationship would be ex-
actly the same.

When you read regression results, you should always think of the
parameter estimates in terms of “we expect so much more of this for
each additional that.” The numbers don’t mean anything unless you.
know exactly what this and that are.

Sometimes a right-hand side variable is an indicator, or dummy,
variable, which takes on a value of either 0 or 1 In this case, the co-
efficient shows how much higher we expect the dependent variable
to be when the indicator is one – when whatever condition it repre-
sents is true. For instance, if our regression for earnings also had a
variable on the right side for sex, then coefficient would tell us how
much higher earnings were for one sex than the other. In this case,
we need to be sure we know which value gets a 1 and which value
gets a zero. Sometimes – say if the variable were college graduate –
this is obvious, but in other cases, like sex, the choice is arbitrary.

Sometimes it is the dependent variable that is categorical - some-
thing that is either true or false, rather than having a continuous
numerical value. In that case, the regression is run slightly differ-
ently. (A logistic or probit regression is normally used) Assuming the
correct regression was run, we can interpret the coefficient in this
case as the percent increase in the probability of the dependent vari-
able being true that results from a one-unit increase in the value of
the independent variable.

To interpret the coefficient estimates, it’s also helpful to know
something about the variation in each of the variables. In general, we
can think of a one standard deviation difference as being a typical
or normal difference between one observation and another. If a one
standard deviation change in an independent variable produces a
one standard deviation change in the dependent variable, then the
independent variable explains all of the variation in the dependent
variable. We will almost never see a value of 1 in real data, but the
closer we get, the more important this independent variable is in ex-
plaining variation in the dependent variable. Sometimes regression
results include standardized coefficients. These are the estimated coef-
ficient divided by the standard deviation of the dependent variable,
multiplied by the standard deviation of the independent variable.In The standardized coefficient of y on x is

equal to the coefficient times st. dev(y)
st. dev(x) .other words, the standardized coefficient is the number of standard

deviations of change in the left-hand side variable we expect from a
one standard deviation change in the right-hand side variable. With
a single variable on the right-hand side, the highest possible value
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for a standardized coefficient is 1. This gives a useful benchmark
for whether an effect is “big”. If the standardized coefficient has a
value of 0.1 or 0.2 or so, we can say that that independent variable
is an important source of variation in the dependent variable. If the
standardized coefficient is very small, like 0.01, then we can say that
while there may be a relationship between the variables, this inde-
pendent variable is not a major or important explanation for the
variation in the dependent variable. It would take an extremely large
change in the independent variable to produce a substantial change
in the dependent variable.

Standardized coefficients are only occasionally reported in pub-
lished regression results. But there often is a table of descriptive
statistics that gives the standard deviations of the variables. If you are
wondering whether an effect is large enough to matter, it can be use-
ful to use these to calculate the standardized coefficient yourself. If
there is only one variable on the right side, there’s no need to do this
– you already get the same information from r squared. (With just
one independent variable, r-squared will be just equal to the square
of the standard coefficient.)

The r-squared describes how much of the variation in the dependent vari-
able is explained by the line.

The share of the variation in the dependent variable that is explained
by the regression is shown by r-squared or adjusted r-squared. The
simplest way of thinking about this is the fraction of variation ac-
counted for by the regression – the proportion of the total variance
that is explained rather than residual.

To see how this is calculated, let’s go back to our original x and
y values, and combine them with our equation to come up with
predictions for y based on x.

Observation x Actual y
Predicted y:

6 + 0.7x
Residual:

y - predicted y
1 8 14 11.8 2.2
2 -2 5 4.5 0.5
3 14 12 16.1 -4.1
4 9 11 12.5 -1.5
5 12 23 14.7 8.3
6 3 6 8.2 -2.2
7 13 15 15.4 -0.4
8 11 8 14.0 -6.0
9 0 7 6.0 1.0
10 15 19 16.9 2.1
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The first two columns of the table just show the observed values
of x and y The third column shows us our prediction of y given the
observed x. This is the same as the regression line we drew earlier.
The final column shows the residuals - the red lines from Figure 3.
This is the error in our prediction – the difference between the actual
value of y and what we would predict based on our regression. You
can check the values in the last two columns yourself.

To get r-squared from this table, you first take the squares of all
the residuals: 2.22 = 4.84, 0.52 = 0.25, −4.12 = 16.81, and so on. Add
up all these squares and you get 139.45. This is the sum of squared
residuals, or residual sum of squares or error sum of squares. Then divide
this by the sum of squared deviations, or variance, of y that that we
calculated earlier. In this case, that gives 139.45/310 = 0.45. This is
the fraction of the total variance that the regression has not explained.
The remainder, or 1 − 0.45 = 0.55, is the fraction it has explained.
If you look up at the regression results, you will see that the first r-
squared results, “multiple r-squared”, is indeed almost exactly 0.55.
(It is not quite the same because of rounding.) The formula for r-squared is

r2 = 1 − ESS
TSS

where ESS is the error sum of squares,
or sum of squared residuals, and TSS
is the total sum of squares, or the sum
of the squared difference between the
dependent variable and its average
value.

An equivalent way of expressing this
is

r2 = 1 − SE2

var(x)
where SE is the standard error of the
regression and var(x) is the variance of
the dependent variable.

A second way to calculate r-squared is to subtract the mean of
y from the predicted value, and square the result. Since the mean
of y is 12, this gives us (11.8 − 12)2 = .04, (4.5 − 12)2 = 56.25,
(16.1 − 12)2 = 16.81, and so on. Add up all these squares and you get
170.65. This is the regression sum of squares. If we divide this by 310,
we get 0.55 – again, the same number reported in the regression as r
squared.

Note: While the first way of calculating r-squared works for any
regression line, or indeed for any set of forecasted values produced
by whatever method, the second way works only for an OLS regres-
sion. Only in the case of an OLS regression will the regression sum of
squares and the error sum of squares add up to exactly the variance
of the dependent variable.

Regression tables often, as here, also report an adjusted r-squared.
This is computed using a slightly more complex formula that com-
pensates for the fact that adding additional variables to a regression
will always improve the fit. (In the extreme case, where the num- The formula for adjusted r-squared is:

adj. r2 = r2 − (1 − r2)(
p

n − p − 1
)

where p is the number of indepen-
dent variables and n is the number of
observations.

ber of right-hand side variables is just one less than the number of
observations, the fit will always be perfect - r - squared will always
be 1.) The adjustment reduces r-square slightly for each additional
variable that is included on the right-hand side. If, as here, there are
one tenth as many independent variables as observations, the adjust-
ment increases the unexplained part of the variation (1 - r-squared)
by one tenth. (You can verify this is the case in the regression results
here.) It will only be noticeably different from the default r-squared
when the number of observations is low, as here, or when there is an
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exceptionally large number of independent variables. If the number
of independent variables is much smaller than the number of obser-
vations, as it usually is, then r-squared and adjusted r-squared will be
almost identical.

Note that while there are separate parameter estimates, standard
errors, and t- and p-values for each independent variable, there is
only a single r-squared (and a single adjusted r-squared) for the
whole regression.

How closely our regression line fits the data is an important ques-
tion, and r-squared is an important statistic for answering it. But
there are a number of reasons to be cautious in how we use it.

1. While a higher r-squared is often taken to be a “good” result, we
shouldn’t assume this - and we certainly shouldn’t make changes
to our regression just to get a higher r-squared. Finding that some
variables are not related to each other is not intrinsically any less
interesting or important that finding that they are.

2. A high r-squared shows that our regression equation does a good
job capturing the variation in the dependent variable. But an ex-
tremely high r-squared is also usually a sign we’ve done some-
thing wrong. Complex social phenomena of the sort economics
studies almost always are subject to multiple influences, not all
of which can be readily identified or measured reliably (or at all).
So we would be very surprised if we were able to predict 90 or 95

or 99 percent of the variation in an interesting economic variable
on the basis of other genuinely independent variables. When we
see an r-squared like that, it is often because the right-hand side of
the regression contains something that is really just an alternative
measure of the dependent variable. For example, if you regressed
the growth in GDP on employment growth and labor produc-
tivity growth, you would get an r-squared close to one. But that
wouldn’t mean anything, because by definition output is equal to
employment times labor productivity.

3. Related to this is a third concern - r-squared can be very mislead-
ing if the variables are non-stationary. This means that the mean
values change over time - the expected value of a variable ob-
served at a later date is higher or lower than the expected value of
the same variable observed at an earlier date. This is true of many
macroeconomic variables. If you regress a non-stationary variable
on one or more other non-stationary variables, then the r-squared
of the regression will always get close to one if your sample covers
a long enough period. This apparent close fit doesn’t imply any
genuine relationship between the variables. It just reflects that time
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is passing for all of them, so things that grow or shrink over time
are all growing or shrinking together. The usual solution to this
is to look at the changes, or first differences, in the variables rather
than their levels, or to otherwise modify the variables to make
them stationary. If this isn’t done, the r-squared of a regression
involving non-stationary variables will be meaningless.

4. The r-squared statistic applies to the regression as a whole. If
the right-hand side variables are all of genuine interest, this isn’t
a problem. But in many cases, the regression includes a num-
ber of control variables that are of no interest themselves, but are
included only to try to eliminate extraneous influences on the
dependent variable. (Often these controls and their coefficients
are not even listed individually in the regression results.) The r-
squared of the regression will reflect the contributions of these
control variables as well as the variables the research is actually
focused on. For example, a regression of individual income might
include a dummy variable for each state, to eliminate, or control
for, geographic variation in income that is not relevant for the ef-
fect being studied. There is nothing wrong with this in principle,
but it’s important to realize that the r-squared for the regression
will include the contribution of these state dummies as well as of
whatever variables the paper is actually about. Unless variation in
income across states is what we are studying, the fact that know-
ing the state someone lives in can help predict their income is not
very interesting.

In general r-squared is a useful measure when our regression
includes a small number of independent variables that are all of eco-
nomic interest and that we are confident are stationary and are not
mechanically linked to the dependent variable. When these condi-
tions aren’t met, a large r-squared is not informative. A very low
r-squared is still informative in this case – it tells us that the variables
in our regression explain very little of the variation in the dependent
variable

The standard errors of the estimates tell us how much better these param-
eters fit the data than other parameters would.

Our confidence in this line is shown by the standard errors, t-values
and probabilities. In published regression results, either the standard
error or the t-value is often reported in parentheses below the param-
eter estimate. All three of these statistics are measures of how much
uncertainty there is in our parameter estimates.

The standard error is a measure of how much the coefficient es-
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timate could change before the fit got much worse. In general, an
estimate one standard error from the one we got would also be rea-
sonable given the data, an estimate two standard errors away would
be unlikely but not crazy, and an estimate much more than two stan-
dard errors away is clearly a bad fit for this data. One way to think of
this is to imagine drawing another sample from the same population
and run another regression on it, we would not be at all surprised
if the new parameter estimate was one standard error from the first
one, and only moderately surprised if it was two standard errors
away. But if it there was a four or five standard error difference be-
tween the parameter estimates, we would strongly suspect we were
not actually looking at the same population or had done something
else wrong.

Suppose there really is a true value of the coefficient in the popula-
tion or relationship we are interested in. If we took a random sample
from the population, we wouldn’t expect to see exactly the true re-
lationship - there is always some randomness in the data, whether
from other variables we are not observing or pure random noise.
But we would expect that most of the time, our estimated relation-
ship would not be too far from the true relationship. Specifically, we
would expect

• half the parameter estimates to be within 0.67 standard errors of
the true value.

• 80 percent of the estimates to be within 1.3 standard errors of the
true value.

• 90 percent of the estimates to be within 1.64 standard errors of the
true value.

• 95 percent to be within 1.96 standard errors of the true value.

• 99 percent to be within 2.6 standard errors of the true value.

• 99.9 percent to be within 3.3 standard errors of the true standard
value.

And so on. These numbers are called the critical values of the t
distribution.

Again, what this means is that you would not be at all surprised
if the true coefficient was one standard error more or less than what
you estimated, but quite surprised if it was three standard errors
more or less, and amazed if it was four standard errors more or less –
unless, again, you did something wrong, or there is not really a stable
underlying population or the assumptions of the regression were
violated in some other way.
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An easy way to think about this is to imagine you go back and
get another sample from wherever you got this one from. Even if
your new data was from the exact same population, or form the exact
same economic process, you wouldn’t expect your regression results
to be exactly the same. There are always going to be other variables
you haven’t accounted for, as well as measurement error and pure
random noise. On the other hand, if the data was really coming from
the same place, you wouldn’t expect it to be too different either.
The relationship between x and y in this sample is strong enough
that you would expect it to reflect something about the underlying
process produces the data, that will be present in another sample
too. So on balance, if you drew another sample, you’d expect the
new coefficients you estimate to be somewhat different from these,
but not too different. The standard errors of the coefficients (and
the t-statistics and probabilities derived from them) are telling how
different you should expect your the results from your next sample to
be from the results from your last one.

In this case, the estimated coefficient of y on x is 0.73, and the stan-
dard error of the coefficient is 0.23. This means that while our best
guess is that an increase of 1 in y will be associated with an increase
of about 0.7 in x, but we would not be surprised if with more data
we found a coefficient closer to 0.5 or 1. On the other hand, based on
this data, we would feel reasonably confident that the true parameter
is probably not more than two standard errors from our estimate, or
in other words somewhere between 0.25 and 1.3. Similarly, we esti-
mated an intercept of close to 6, with a standard error of 2.3. So we
are reasonably sure that if we drew more data from the same source,
we would find an intercept is somewhere between 3.5 and 8, roughly.
(With this range of uncertainties, it would be entirely reasonable to
write the equation as y = 6 + 0.7x. Given the standard errors, it’s silly
to pretend we have more than one significant figure.)

Figure 5: Regression line with one- and
two-standard error bands.

We can see this visually in Figure 5. This shows the regression
line and lines one and two standard errors above and below it. The
inner dashed lines are one standard error away from the estimate –
we would not be at all surprised if we drew another sample from
the same population and found that the best line was anywhere in
this range. The outer dotted lines are two standard errors away. We
would only be moderately surprised if a line through our next sam-
ple was somewhere in this range. Beyond the outer dotted line, we
would be more surprised. If the relationship in the larger population
lies out of that range, then we should see a relationship as far from it
as our estimate in less than 5 percent of the samples we draw from it.

To put it another way: Any line that falls entirely within the one-
standard-error bands fits our data almost as well as the regression
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line. Any line inside the two-standard-error bands fits only moder-
ately less well. But a line that goes outside the two-standard-error
band fits our data much less well than our regression did - the dif-
ference is big enough in this case that we can say the regression is
reasonable evidence against that line describing the population our
sample comes from.3 3 Because the two-standard error band

excludes a horizontal line, we say that
our estimate is significant at the 5

percent level. See below.

The t-value is just the parameter estimate divided by the standard
error. In other words, it says how many standard errors the estimate
is from zero. In this case, with a parameter estimate of 0.73 and a
standard error of 0.23, the t-value will be around 3.2. Similarly, the
t-value of the intercept will be 6/2.3 ≈ 2.6.

The t-value doesn’t give you any new information if you already
have the coefficient estimate and its standard error. But it may be a
more convenient way of representing it. One advantage of the t value
is that, unlike the standard error, the it doesn’t have any units. A
standard error of 0.5 may be very large or very small, depending on
the units of the variables. But t statistics of 0.1 or 0.5 or 1 imply the
same relative degrees of precision in any regression, regardless of the
variables that are being observed.

(One source of confusion in reading regression results is that when
you see a number in parentheses under the coefficient estimate, it
might be either the standard error of the coefficient or the t-statistic.
In many cases the table will say, but in other cases, you will need to
use context to figure out which it is.)

The standard errors, and the t-statistics and probabilities derived
from them, assume that the underlying data is normally distributed.
If it is not, the values in the regression table may be misleading –
in general, they will suggest more confidence in the results than is
actually warranted.

The t values and probability measure tell us how likely we would be to get
these estimates if the true value of the parameter were zero.

Another way of thinking about the precision of the estimate is to
ask how likely we would have been to find a coefficient this large, if
the value in the larger population were zero - if there were no true
relationship between the variables at all. Looking up at the critical
values listed above, we can see that in 95 percent of samples, the
parameter estimate should be within 1.96 standard errors of the true
parameter. That means that if the t-value of our estimate is less than
1.96, there is a 5 percent or greater chance that we could have found
an effect this large in our sample even if there is no relationship
between the variables in the larger population.

The probability value is derived from t value and the critical val-
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ues - it indicates how often we would get a parameter estimate this
large by chance if the true parameter was zero. For example, in this
regression the probability value is listed as 0.0141. This means that
if we had a larger population with the same degree of random noise
we see in the sample (the same standard deviations of x and y) and
we repeatedly took 10 observations at random from it, we would get
an apparent relationship at least as strong as the one we see here in
about 1.4 percent of those samples.

By convention, a value of less than 5 percent here is often referred
to as “significant”, though there is nothing special about the 5 per-
cent threshold. Significance levels are often indicated by stars next to
the parameter estimate, with more stars indicating a higher level of
significance – that is, a lower probability that we would see a parame-
ter estimate this large by chance if the true parameter were zero. The
default in R, as in many programs, is to print one star for a probabil-
ity below 5 percent, two stars for a probability below 1 percent, and
three stars for a probability below 0.1 percent. Since 0.141 is lower
than 0.05 but not lower than 0.01, there is one star here.

The most common measure of “statistical significance” is a p value of less
than 0.05, or a t-value greater than two. Statistical significance is often
misunderstood.

Most regression tables show the significance of each parameter esti-
mate, often by placing one or more stars next to it. In common use,
an estimate is “statistically significant” if the t-statistic is greater than
1.96 – that is, if the estimate is more than about two standard errors
from zero.

Statistical significance in this sense is often misunderstood, and
there is a good deal of controversy about how useful or meaningful it
is. Nonetheless, it is almost always reported in regression results.

Because there is so much confusion about statistical significance,
we need to be clear first on what it does not mean.

• Significance at the 5 percent level does not mean that there is a
95 percent chance that our estimate is correct. In fact, no estimate
is ever exactly correct. In general, there is no “true” parameter
out there in the world to find, so to say an estimate is correct is
meaningless. But even if we more realistically imagine a very large
population with a certain relationship between the two variables
x and y, we would not expect any finite sample drawn from that
population to show exactly the same relationship as the popu-
lation as a whole. In that sense, the chance that our estimate is
exactly correct is always 0.
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• Significance at the 5 percent level does not mean that you would
find a zero relationship in fewer than 5 percent of samples. You
will never find exactly zero relationship between two variables
with any random component, for the same reason. By chance
alone, they will always have a slight positive or slight negative
correlation.

• Lack of significance at the 5 percent level does not mean that the
true value is probably near zero. The t-statistics are just measuring
the uncertainty of our estimate. If you get a t-statistic of 1.96, that
implies you would see a relationship as strong as this in 5 percent
of samples from a population where the true relationship was
zero. But it equally well means you would see a relationship as
weak as this in 5 percent of samples from a population where the
true relationship was twice as strong as your estimate.

• Lack of significance at the 5 percent level does not mean that the
estimate is totally uninformative or worthless. Lack of significance
means that regression can’t be used as evidence against a zero
relationship between the variables. But it still can be used as evi-
dence against a very strong positive or negative relationship - one
with a coefficient more than two standard errors from the one we
estimated.

• Significance at the 5 percent level does not quite mean that if the
true relationship were zero, you would see an effect this strong in
fewer than 5 percent of samples. Significance at the 5 percent level
means that if the true relationship were zero, and if the random
errors follow a normal distribution, you would see an effect this
strong in fewer than 5 percent of samples. But the true distribution
of errors, like the true coefficient, is something we can never know,
and in most cases doesn’t exist even in principle.

Here is what statistical significance does mean: Significance at the
5 percent level means that if there were an underlying population
with variables normally distributed and perfectly uncorrelated (i.e. a
true coefficient of exactly zero), then we would see a relationship this
strong in fewer than 5 percent of samples this size drawn from that
population.

This is an imaginary, hypothetical case – we can never know the
true population, in many cases it does not make sense to think of a
true population or data-generating process even in principle, and to
the extent one does exist there is no reason to think the distribution
of variables is perfectly normal. People often interpret significance
at the 5 percent or 1 percent, etc. level as meaning that there is a 5

percent, or 1 percent etc. chance that something is or is not true in
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the real world. But it cannot be interpreted that way. It describes the
chance of seeing this data in an imaginary hypothetical case.

A better way of thinking about significance is simply as a measure
of how well this line fits the particular data we are looking at. The
standard error of the regression asks how much we can change our
line before we get a noticeably worse fit. Statistical significance asks
the same question a different way. It asks: How much better is our
fit than if we didn’t use x at all? In the case of a bivariate regression,
not using x just means drawing a horizontal line at the mean of y.
For a regression with more than one variable on the right-hand side,
it means doing a regression with all our other independent variables
except for x.

What significance is telling us is precisely how much better our
regression line fits the observed data than the one without x does.
Notice that this is a question strictly about the observations in our
sample – it does not involve any hypothetical population from which
they are drawn.

Where does the 5 percent come from, then? That is simply a way
of deciding how much better the fit is, and in particular, whether
it is sufficiently better to justify including x in the regression. The
usual definition of significance – how likely you would be to find a
relationship this strong in a population with perfectly uncorrelated
normally distributed variables – is just a convenient benchmark for
deciding how much better our regression line fits than one that was
drawn without using x.

In other words, if your estimate for the coefficient on a variable
is statistically significant, that it means that a regression using the
variable fits the observed data better than one without the variable.
This fact is worth knowing. But without more information, you can’t
use it to draw any conclusions about the probability of any claims
about the world.

The logic of significance tests is that a coefficient two or fewer
standard errors from the one we have would fit the data about as
well, a coefficient two to three standard errors away would fit sub-
stantially worse, and a coefficient more than three standard errors
away would fit very much worse. The language of how likely you
would be to get this line by chance, is just a way of quantifying how
much worse the fit is.

As is often the case in statistics, negative claims are more straight-
forward than positive ones. What you can say is that if the estimate
is not significant at conventional levels, you shouldn’t be confident
that the true relationship, if any, has the same sign as your estimated
one. A positive coefficient with a probability of 20 or 30 or 40 percent
(or in other words a t-statistic of 1 or 1.5) is not giving you any use-
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ful evidence that there actually is a positive relationship between the
variables. If your regression line slopes upward but is not significant
at the 5 percent level, what that means is that it doesn’t fit the data
much better than a flat line (or one that sloped slightly downward)
would.

The fact that a non-significant coefficient isn’t giving you useful
information on whether the relationship is positive or negative, does
not mean that it is giving you no information at all. Remember, all
significance is telling you is whether your fit is better than you would
get from a regression that did not use the variable at all. But not us-
ing the variable may not be the relevant counterfactual. A value that
is not significantly different from zero, is still significantly different
from very large positive or negative values.

Suppose our coefficient estimate were positive 3 with a standard
error of 2. This would not be significantly different from zero. So we
could not use this regression as evidence that there was a positive
relationship between the variables - our results are consistent with no
relationship or a weak negative one. But our results are not consistent
with an extremely strong relationship. They do give us evidence
that if we could draw another sample from the same population,
we would not find a coefficient greater than 10 or less than -5. Since
these values are three standard errors away from our estimate, the
regression does constitute meaningful evidence against them. (This
assumes, again, that we have an underlying population with more
or less normally distributed variables). If the regression is being
used to investigate a hypothesis of a specific relationship between
the variables – i.e. if our null hypothesis is something other than a
coefficient of zero – then estimates that are not statistically significant
in the conventional sense may still be very informative

The use of 5 percent as the cutoff for significance is a historical
accident. There is no reason why it is more intrinsically appropriate
than 1 percent or some other threshold. It continues to be used today
partly out of inertia, and partly out of a kind of collective judgement
about how much precision it is reasonable to demand from economic
relationships.4 4 In physics, a t-statistic of 3 (significant

at the 0.3 percent level) is often required
before a result can be considered evi-
dence, and a t-statistic of 5 (significant
at the 0.00003 percent level) is required
before it can be considered a discovery.

For all these reasons, it is probably best not to focus too much on
significance levels. The standard error of the coefficient or t-statistic
give the same information about the precision of the estimate, in a
more meaningful way.
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A large coefficient means a strong effect. A small standard error or large
t-statistic means a precisely estimated effect. A large r-squared means the
regression as a whole does a good job describing the dependent variable.

These three rules cover most of what you need to know in reading a
regression table.

A regression with multiple independent variables is similar to one with
just one variable. We can think of it as fitting the best line on a graph with
the dependent variable on the vertical axis and a weighted average of the
independent variables on the horizontal axis.

A regression with multiple right-hand side variables is conceptually
the same as one with just one right-hand side variable. We are still We refer to an equation with more

than one independent variable as a
multivariate regression, while one with
just one independent variable is a
bivariate regression.

trying to find the values of β1, β2, etc. in the equation

y = β0 + β1x1 + β2x2 + ... + βnxn + e

that minimize the sum of squared residuals. The interpretation of
the coefficients is the same: Suppose we estimated the equation

y = 3 + 2x1 − 0.5x2

That would mean that for every one-unit increase in x1, we would
expect y to be 2 higher, for every one-unit increase in x2 we would
expect y to be 0.5 lower, and when x and y are both 0 we would
expect y to equal 3.

The standard errors of the coefficients are also the same: An equa-
tion with a coefficient one standard error above or below the one we
estimated would fit the data almost as well, but a coefficient more
than two standard errors above or below would fit the data defi-
nitely worse. Or to put it another way, if we could draw another
sample from the same population and run the regression again, we
would not be at all surprised if the new coefficients were one stan-
dard error away from our first estimate, we would be moderately
surprised if they were two standard errors away, and we would feel
that something was almost certainly wrong if they were more than
three standard errors away.

Note that no matter how many variables we have, we still only
have one intercept. This is the predicted value of y when all of the
independent variables are zero. In most cases with many variables on
the right-hand side this is economically meaningless and can safely
be ignored.

R-squared also has the same meaning with multiple independent
variables. It is the fraction of the variance in the dependent vari-
able that is explained by the regression. The only thing to note is
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that r-squared is calculated for the regression as a whole – it doesn’t
tell you anything about which particular right-hand side variables
explain the variance. This is especially a concern if not all of the
right-hand side variables are economically interesting.

Standard errors of the coefficients, t-statistics and p-values are
calculated for each independent variable and have the same interpre-
tation as in the bivariate case. The only difference is that the signif-
icance test is based on the null of the same regression without that
one variable, as opposed to the null of y equal to its mean value as
in the bivariate case. So for xn to be insignificant, in a multivariate
equation, means that the regression fits about as well without xn as
with it, and so gives you no reason to think that xn is related to y.

If the independent variables are more or less uncorrelated with
each other, then a multivariate regression will give more or less the
same coefficients (except for the intercept) as you would get from re-
gressing the dependent variable on each of the independent variables
separately. If any of the independent variables are strongly correlated
with each other, however, then the estimated coefficients may be quite
different from what you would get regressing the dependent variable
on them separately, and the confidence intervals (or standard errors
of the coefficients) will always be larger. Adding a variable will al-
ways raise r-squared, but it may or may not raise adjusted r-squared.

A problem for regressions with more than one independent variable is that
the independent variables may be correlated with each other. This makes
it hard to estimate their separate effects.

Suppose we have a sample of ten observations as follows. Again, y is
the dependent variable; x1 and x2 are two independent variables. We
think that x1 and x2 might help explain, or predict, the values of y.

Observation y x1 x2

1 3 2 0

2 7 2 8

3 9 9 6

4 28 11 12

5 14 4 -1
6 15 9 3

7 -5 0 -9
8 4 1 4

9 9 9 1

10 8 6 1

It certainly seems that there is some relationship between the
variables – observation 4, with the highest value of y, also has the
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highest values of x1 and x2, observation 7, with the lowest value of y,
has the lowest values of x1 and x2, and so on. If we run regressions of
y on each of the two independent variables, our sense that there is a
strong relationship will be confirmed. The results of regressing y on
x1 are shown below.

As you can see, we estimate a coefficient of x1 of 1.7, meaning that
we think an increase of 1 in x1 will be associated with an increase of
1.7 in y. Based on the standard error, if we drew another sample from
the same population we would expect to find a coefficient between
1.2 and 2.2, and would be quite surprised if we found a coefficient
less than 0.7 or more than 2.7. Because the lower bound of this con-
fidence interval is greater than zero (i.e. the t-statistic is greater than
2), we say the estimate is statistically significant. In fact, with a t-
statistic of 3.5 it is significant at the 1 percent level – in a population
with normally distributed variables, we would expect a sample of
ten observations to show a relationship this strong purely by chance
less than 1 percent of the time. Finally, we see the r-squared is 0.61 –
that means that if we know x1 we can predict about 60 percent of the
variation in y.

Based on this regression our best prediction for y would be given
by the equation:

y = 0.2 + 1.7x1

Here is the regression of y on x2:

The results for x2 are similar. The estimated coefficient is smaller,
although based on the standard errors, we aren’t especially confident
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about this.5 The coefficient on x2 has a t-statistic of 3, meaning it also 5 As a rough rule of thumb, the dif-
ference in the coefficients should be
greater than the sum of their standard
errors for us to believe that coefficients
would be different in the population the
sample is drawn from.

passes the conventional test for statistical significance. And the r-
squared of this regression is 0.53, meaning that knowing x2 allows us
to predict about half the variation in y.

Based on the second regression our best prediction for y would be:

y = 6.4 + 1.1x2

The two regressions are supposed to be telling us the effects of
x1 and x2 on y. So we might think that to estimate their combined
effects, we should just add up the individual effects. In other words,
we might think that to predict y on the basis of both x1 and x2, we
should add the two equations together, perhaps using the average of
the intercepts. This would give us something like:

y = 3.3 + 1.7x1 + 1.1x2

But this is wrong!

Figure 6: Actual y and a bad prediction.

As the figure shows, this prediction does not fit the observed val-
ues of y at all. The horizontal axis shows the predicted values of y
on the basis of the previous equation and the observed values of
x1 and x2 – for example, for observation 1, we would predict that
y = 3.3 + 1.7 · 2 + 1.1 · 0 = 6.7. The vertical axis is the actual values
of y (e.g. 3 for observation 1). And the diagonal line shows the pre-
diction. No one would pick that line as the best fit to those points.
This prediction is no better than not looking at x1 and x2 at all – the
mean squared error is approximately equal to the variance of y, so
we would do just as well just drawing a horizontal line through the
mean value of y.

We find another puzzle when we run a regression with both x1

and x2 on the right-hand side. Here is what we get:

R-squared is higher in the new regression: 0.74, compared with
0.61 and 0.53 in the earlier ones. Even adjusted r-squared, with pe-
nalizes us for adding another independent variable, is higher. Using
both variables allows us to predict the values of y more accurately



notes on regressions 24

than we can using either x1 or x2 alone. But our parameter estimates
have changed – they are smaller, and much less precise. Compared
with the regressions on each of them separately, the t-statistics for
x1 and x2 have fallen from 3.5 and 3 to 2.4 and 1.9 respectively. In
other words, combining the two variables makes us much less certain
about the effects of either one of them. In the case of x2, we are no
longer confident that it has an effect on y at all. This is somewhat
paradoxical – using both variables makes us more confident in our
predictions of the value of y, but less confident about how it is af-
fected by either of the independent variables.

The explanation for both these puzzles is the same: x1 and x2 are
correlated with each other. In this case, they have a correlation coef-
ficient of 0.55, meaning that about half the variation in each variable
is shared with the other one. If we want to estimate the effect of each
variable on its own, we can only use the variation that is not shared
with the other variable – when y, x1 and x2 are all high, as in obser-
vation 4, there’s no way to know if the high value of y is due to the
high value of x1 or the high value of x2. The shared variation of the
two variables can’t be used to estimate the effects of either one. This
means that when two independent variables are highly correlated,
we don’t have much information about their individual effects, so our
estimate cannot be very precise. This is illustrated in Figure 7 – only
about half the variation of x1 and x2 is available for estimating their
separate effects on y. For predicting the dependent variable, however,
this is not a problem – when both x1 and x2 are high we can be confi-
dent that y will also be high, even if we don’t know which of them is
responsible.

Figure 7: Coefficient estimates can use
only variation that is not shared with
any other independent variable. So
when two independent variables are
correlated, there is less information
available to estimate their effects.

On the other hand, when we run the regressions separately, our
results seem more precise, but are they biased. Remember, x2 is often
high when x1 is high. So a regression of y on x1 will show a stronger
effect, because some of the apparent effect of x1 will reflect the influ-
ence of x2, which we haven’t included. In terms of Figure 7, using
the whole circle for x1 will mean using the shared variation as well,
which may be telling us about the effect of x2 rather than x1. This
upward bias in the separate regressions is why the line in Figure 6 is
too steep. (If the independent variables were negatively correlated,
the bias would go the other way, and the line would be too shallow.)
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To see the problem more clearly, imagine the data looked like this:

Observation y x1 x2

1 3 2 1

2 6 4 2

3 0 0 0

4 12 8 4

5 -3 -2 -1

In this case, the relationship between two variables is obvious. y =

x1 + x2 will allow us to predict y perfectly. But so will y = 2x2 − x1,
or y = 0.5x1 + 2x2, or y = −2x1 + 7x2, or any of an infinite number
of other equations. In this case, we have complete confidence in our
predictions of y. But because all the variation in x1 and x2 is shared,
we have no idea what the independent effect of either one is.

Only if the independent variables are completely uncorrelated
with each other will the coefficient estimates and standard errors be
the same in the multivariate regression as in the separate bivariate
ones.


